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Research activities

Development, analysis and application
of Non-Intrusive Reduced Basis (NIRB) methods
for the simulation of parametric PDEs
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Introduction

] NIRB (Non-Intrusive Reduced Basis) method \

© Several numerical analyses of the 2-grid method
- FEM/FV context
- Elliptic/Parabolic equations/Sensitivity analysis

o Development of new NIRB methods

o Non-intrusive implementation in a Python module ' and development of a website
on RBM 2

o 3D Applications

- Offshore wind turbines
- Optimization of parameters for meniscus tissue

1 https://gitlab.com/mor_dicus
2https://reducedbasis.github.io
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Introduction

Optimization of parameters

o Parameter identification & Sensitivity analysis : How the parameters
influence the model?

o NIRB 2-grid method’ 2
o NIRB 2-grid method with parabolic equations?®
o NIRB methods in the context of sensitivity analysis*

R. Chakir, Y. Maday, A two-grid finite-element/reduced basis scheme for the approximation of the solution of parameter
dependent PDE. 2009.

2E G, Y. Maday, Error estimate of the non-intrusive reduced basis method with finite volume schemes. 2021.
SE. G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.
4E. G., B. Simeon, The non-intrusive reduced basis two-grid method applied to sensitivity analysis. 2024.
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Parametric problem

Parameter identification & Sensitivity analysis
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Parametric problem

IVP

P:(ult,x,p) s u(tx;p), te[0,T]xeQ, peR”.

Numerical solution

Pp: (Ul 5 x,p) > uf(x;p), k€0,....Nr, xeQ, peR"

Measurements with true parameter p

u(tx), te€lo,T], xeQ,
u(0,x)=u’(x), xeqQ.
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Parameter identification
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Parameter identification

Gradient descent

Elise Grosjean NIRB & Sensitivity analysis



Sensitivities

Sf(x;p) ;= dpup(x;p) or dpF(p)

Normalized sensitivity coefficients’

TE. Borgonovo, E. Plischke, Sensitivity analysis: a review of recent advances. 2016.
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Sensitivity analysis

Pp oru(t,x;p) = f(u, t,x,p), in Qx]0, T],
u(0,x;p) = tO(x,p), in Q),
+ BCs.

Forward method
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Sensitivity analysis

Pp oru(t,x;p) = f(u, t,x,p), in Qx]0, T],
u(0,x;p) = tO(x,p), in Q),
+ BCs.

9tSj = duf - §j+ 9y f, in Qx]o, T,
Pi{ Si0)= S/Q’ in Q,
+ BCs.

Forward method
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Sensitivity analysis

Pive oru(t,x;p) = f(u, t,x,p), in Qx]0, T],
u(0,x;p) = tO(x,p), in Q),

+ BCs.
0tSj = duf - Sj+ 9p.f, in OAx]0, T],
Forward method Pi{ st.((])) —USO irj10 ! o
Sj_apju,j_l ..... P ! T ’
+ BCs.
Backward method
L(u\; —|- f—a U d dt
(apjf)/':l ..... [ ( p fO fQ t )
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Sensitivity analysis

Pp oru(t,x;p) = f(u, t,x,p), in 0Qx]0, T],
u(0,x;p) = tO(x,p), in Q,
+ BCs.

9tSj = duf - §j+ 9pf, in Qx]o, T,
Pi{ Si0)= S/Q’ in Q,
+ BCs.

Forward method

oA = —A - 9yf — dyerr, in QA x [0, T,
P{ A(T)=0, inQ,
+BCs.
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Sensitivity analysis

Pive oru(t,x;p) = f(u, t,x,p), in Qx]0, T],
u(0,x;p) = tO(x,p), in Q),

+ BCs.
0:S; =9yf-S; +9p.f, in O x]|0, T,
Forward method Py St,(é) _ Léo irj10 & ko
Sj=dpu, j=1,..., P J A ’
+ BCs.
Backward method _ _rT .
(00 F ). I F =L = Jo Jari-9pf dxdt
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Sensitivity analysis

PIVP atu(t,x;p):f(u,t,x,p),ian]O, T],
u(0,x;p) = tO(x,p), in Q,
+ BCs.

Forward method

Sj=opu, j=1,..., P IVP + P systems to solve ...

Backward method

lve ...
(35, F)j=1 IVP + 1 system to solve
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NIRB method

How to reduce the
computational costs of
these parameter-dependent problems?
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Introduction

PDE : u — u(u)
u € G : Parameter
u(u) : Solution

We are interested in approximating functions depending on space/time
and parameter-dependent.
We denote by u(x; ) these functions.

n=(p.t)
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Reduced Basis Methods (RBM)

¢ Resolution by a classical discretization method (FEM/FV ...)

o A system of size dependent of the number of degrees of freedom N needs to be
solved!

<o How to decrease the High-Fidelity (HF) code execution runtimes when we need to
solve the problem for many different parameter values?
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Reduced Basis Methods (RBM)

¢ Resolution by a classical discretization method (FEM/FV ...)

o A system of size dependent of the number of degrees of freedom N needs to be
solved!

<o How to decrease the High-Fidelity (HF) code execution runtimes when we need to
solve the problem for many different parameter values?
Reduce the dimension of the algebraic system arizing from the discretization of a
PDE.

< RBM: The solution is obtained with a projection of the HF problem onto a small
subspace.

¢ RBM: We denote by (®;);j—1 ..
obtained by a POD algorithm.

n the reduced basis associated to this space,
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Reduced Basis Methods (RBM)

PDE : y — u(p)
u € G : Parameter
u(u) : Solution
Piwe  ow(t,x;p) =f(u,txp), in(x]0, T],
u(0,x;p) = t0(x,p), in Q,
+ BCs.
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Reduced Basis Methods (RBM)

PDE : yu — u(p)
u € G : Parameter
u(u) : Solution
Pp aru(t,x;p) = f(u, t,x,p), in Qx]0, T],
u(0,x;p) = u°(x,p), in Q,
+ BCs.

Aim of the reduced basis methods (RBM)

Solve the PDE as quickly as possible when it has to be
evaluated for many parameter values

Applications
- Fitting parameters to data
- Real-time simulations
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Reduced Basis Methods (RBM)

PDE : yu — u(p)
u € G : Parameter
u(y) : Solution Un (k)
Ppe aru(t,x;p) = f(u, t,x,p), in Qx]0, T],
u(0,x;p) = u°(x,p), in Q, Un(p2)
+ BCs.

Un(p)

Solution manifold
Offline Part

M ={un(p)| p € G}
XN Reduced space
Parameters yy,..., Uneg

Online Part
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Reduced Basis Methods (RBM)

PDE : yu — u(p)
u € G : Parameter
u(u) : Solution

Pwp  ow(tx;p) =f(u,t,x,p), in Qx]0, T],
u(0,x;p) = t°(x,p), in Q, / \\ { 7
+ BCs. / Mh(

Solution manlfold

Offline Part

M ={un(p)| p € G}
XN Reduced space
Parameters yy,..., Uneg

Online Part
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Reduced Basis Methods (RBM)

PDE : yu — u(p)
u € G : Parameter

u(u) : Solution N
Pp aru(t,x;p) = f(u, t,x,p), in Qx]0, T], .t X ’:\_‘M
u(0,x;p) = u°(x,p), in Q, PSS /
+ BCs. )

Solution manifold
Offline Part

M ={un(p)| p € G}
XN Reduced space
Parameters yy,..., Uneg

Online Part
Approximation onto XN

Elise Grosjean NIRB & Sensitivity analysis



Reduced Basis Methods (RBM)

PDE : yu — u(p)
u € G : Parameter
u(u) : Solution N
Pp aru(t,x;p) = f(u, t,x,p), in Qx]0, T], ~ 4 oM
u(0,x;p) = tO(x,p), in Q, I S \
+ BCs. / \."./Uh(]/l) \

Solution manifold
Offline Part

M ={un(p)| p € G}
XN Reduced space
Parameters yy,..., Uneg

Online Part 2 p, Binev, A. Cohen, W. Dahmen, R. DeVore, G.
. . N Petrova, P. Wojtaszczyk, Convergence rates for
ApprOX| mation onto X greedy algorithms in reduced basis methods. 2011.
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Classical greedy algorithm

fork=1,..., N:
Hk = arg rrg1ax|]uh(,u) - Pk*l(“h(?‘))”B(Q)
ue

Pk—1 .= Projection onto previous RB

/ \(Uh(}l) \

Solution manifold

Orthonormal RB in L? := dDJh, j=1,..., N
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A model problem

2D lid driven cavity problem
Stationary Navier-Stokes equation in the unit square (+ Dirichlet boundary cdts)

. 2D steady Navier-stokes equation:
vzl -
- (u-V)u—pAu+Vp=0, onQ,
™~ b V-u=0,onQ,
I \-I J - U|rup = (1,0);
'”:g ; | . | v u _ (0 0)
=] | \ Z / : [0O\T yp ox
/»f o where u = (u, v) is the velocity,
RN T s B2 p is the pressure,
, ==k N T'yp is the upper border,
u=1/Re, and Re is the Reynolds number.
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RBM

o The (Pp)p=1....+ Of the POD of order n are orthonormal (and the associated
eigenvalues positive).
< Any realization of u can be approximated by:N
My,u(x;u) = uN(x;p) = Y (u(p), @n)®n(x),

n=1

POD Energy

E(CIJL...,CDn) == Zntram ||U,' — HVnU,'H%. We have:

i=1
p
E(®y,....0n) = Y Aj,
n+1

So, we can select N such that E(®y, ..., ®y) < ¢ for a prescribed tolerance. The number of modes required for the RB can
be given by the Relative Information Content: N
Y Ak
k=1

I(N) =
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POD Galerkin & Results on the model problem

Instead of using u as before, we replace it by u + Zj'il ocj’.‘@/-
On the 2D lid driven cavity problem we obtain:

A,-i—ZBUtX +erZC,/,zx ak—l =
J

where A € RV, B € RV*N and ¢, = RNV, e.g. A; = u(VU,V®) + (U- VU, D;)
Al A2

Online stage

Input: New parameter of interest u

N
M,'j = B,’j aF 2 C,'j/lefl
k=1

Output: N .
M () = A, N (p) =T+ ) a(p) @) ().
=1
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POD Galerkin & Results on the model problem

2d driven cavity with Re=1
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Eigenvalues: [2.2E-02, 2.9E-03,
2.2E-04, 1.9E-05,...]
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Reduced Basis Methods (RBM)

PDE : yu — u(p)
u € G : Parameter
u(u) : Solution N
Pp aru(t,x;p) = f(u, t,x,p), in Qx]0, T], ~ X oM
u(0,x;p) = tO(x,p), in Q, I S e >
+ BCs. T~ ()
Solution manifold
Offline Part
%E{gn(ﬂzjl neg}
X" Reduced space —_
Parameters 1, ..., N € G # ._> Un(p)
Online Part -

@ P, Binev, A. Cohen, W. Dahmen, R. DeVore, G.
Petrova, P. Wojtaszczyk, Convergence rates for
greedy algorithms in reduced basis methods. 2011.

Approximation onto XN
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NIRB methods

Several definitions of non-intrusivity . . .
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Reduced basis methods

Galerkin-POD?2 aJ.L. Lumley. The structure of inhomogeneous turbulent flows. 1967

o
. b by Carlberg, M. Barone, H. Antil. Galerkin v. least-squares Petrov-Galerkin
o Petrov-Galerkin RBM®  , viection in nonlinear model reduction. 2017
s EIMC¢ °M. Barrault, Y. Maday, NC. Nguyen, AT. PateraAn ‘empirical interpolation’'method:
o POD-DL-ROM? app(l;'cation to efficient reduced-basis discretization of partial differential equations.2004.
S. Fresca, A. Manzoni POD-DL-ROM: Enhancing deep learning-based reduced
¢ 2-grid method® order models for nonlinear parametrized PDEs by pod.2022
f €Chakir, R. & Maday, Y. A two-grid finite-element/reduced basis scheme for the
o POD-I" (Reg, NN} approximation of the solution of parameter dependent PDE.2009
o PBDWY p. Xiao, F. Fang, C. Pain, G. Hu. Non-intrusive reduced-order modelling of the
o PGD" NavierStokes equations based on RBF interpolation. 2015.
. 9J.K. Hammond, R. Chakir, F. Bourquin, Y. Maday. PBDW: A non-intrusive
o Surrogate problems’ Reduced Basis Data Assimilation method and its application to an urban dispersion
o Operator inference/ modeling framework.2019

hy. Zou, M. Conti, P. Diez and F. Auricchio A non-intrusive proper generalized
decomposition scheme with application in biomechanics.2017

. Guo, O. Roko, K. Veroy,Learning constitutive models from microstructural
simulations via a non-intrusive reduced basis method.2021

JP. Benner, P. Goyal, B. Kramer, B. Peherstorfer, K. Willcox, Operator inference for
non-intrusive model reduction of systems with non-polynomial nonlinear terms. 2021
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Reduced basis methods: https://reducedbasis.github.io

o Galerkin-POD? aJ.L. Lumley. The structure of inhomogeneous turbulent flows. 1967
. b by Carlberg, M. Barone, H. Antil. Galerkin v. least-squares Petrov-Galerkin
¢ Petrov-Galerkin RBM projection in nonlinear model reduction. 2017
o EIM¢ °M. Barrault, Y. Maday, NC. Nguyen, AT. PateraAn ‘empirical interpolation’method:
POD-DL-ROMA application to efficient reduced-basis discretization of partial differential equations.2004.
¢ ds, Fresca, A. Manzoni POD-DL-ROM: Enhancing deep learning-based reduced
o 2-grid method® order models for nonlinear parametrized PDEs by pod.2022
f €Chakir, R. & Maday, Y. A two-grid finite-element/reduced basis scheme for the
o POD-I" (Reg, NN} approximation of the so);ution of pagameter dependent PDE.2009
o PBDWY p. Xiao, F. Fang, C. Pain, G. Hu. Non-intrusive reduced-order modelling of the
o PGD" NavierStokes equations based on RBF interpolation. 2015.
. 9J.K. Hammond, R. Chakir, F. Bourquin, Y. Maday. PBDW: A non-intrusive
o Surrogate problems’ Reduced Basis Data Assimilation method and its application to an urban dispersion
o Operator inference’ modeling framework.2019

hy. Zou, M. Conti, P. Diez and F. Auricchio A non-intrusive proper generalized
decomposition scheme with application in biomechanics.2017

'T. Guo, O. Roko, K. Veroy,Learning constitutive models from microstructural
simulations via a non-intrusive reduced basis method.2021

JP. Benner, P. Goyal, B. Kramer, B. Peherstorfer, K. Willcox, Operator inference for
non-intrusive model reduction of systems with non-polynomial nonlinear terms. 2021
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Reduced basis methods: https://reducedbasis.github.io

o
O
o
O
o
o
o
<&
&
O

Galerkin-POD?
Petrov-Galerkin RBM? N
Elm® = POD-Galerkin
POD-DL-ROM? i
2-grid method® sl
POD-If (Reg, NN) s offline
PBDWY

(=] Woms  Documaistie Wews  Showcass  Comeunly  Brems

o pae

Online

PGD"
Surrogate problems! Details:

P ——

Operator inference/
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Reduced basis methods: https://reducedbasis.github.io

Galerkin-POD?
Petrov-Galerkin RBM?
EIM¢

POD-DL-ROM?
2-grid method®
POD-I" (Reg, NN)
PBDWY

PGD"

Surrogate problems’

Lo R TR - IR TR e IR e B SR

Operator  inference/
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NIRB two-grid method

NIRB 2-grid method

| u(p) : Exact solution - uf, () : NIRB Solution’ |

Fine mesh h
FV/FEM code up(u)

/nu unllim < CHN \O

Coarse meshH —> NIRB
FV/FEM code uy(p)  upn(p)
HU* Uhllm <CH

/ th(V) \

Up(X, 1) = Zah() P(x),
(d>f), ,,,,, N E XN modes (RB)

Discretized solution manifold

Optimal coefficients: a (1) = (un(), /(x)),
Our choice: b () = (un(p), ] (x))
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NIRB two-grid method
NIRB 2-grid method

u(p) : Exact solution - ul, (1) : NIRB Solution' s
(46 . Fn(F) | Post-treatment : rectification’
Fine mesh h

/ FV/FEM code Uh(Q \ Bi,j — b/H(yi) N Ai,j — a]/"(lli) c RNxN
O \ uh("\’;)"zl ~~~~~ b O Least-square approach :

Coarse meshH ——> NIRB

FV/FEM code uy(u) Upp (1) argr_ninHBF?’ _ Al”% + SHRIH%
Decomposition Ri
Un(X, 1) = Zajh(’/l) cI)I’J(x), ‘ Ri=(B"B+e¢ly) 'BTA;, Vi=1,---,N.
j
(@M);1....n € X): modes (RB) N
”1 ' ubn(p) = 3 Ry bf (1) ®;
ij=1

Optimal coefficients: & (1) = (un(), /(x)),
Our choice: b (1) = (un(p), ®J(x))

"Chakir, R. & Maday, Y. (2009). A two-grid finite-element/reduced basis scheme for the approximation of the solution of
parameter dependent PDE.
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FEM Error estimates within the elliptic context

NIRB two-grid method applied to
parabolic equations
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FEM Error estimates within the elliptic context

otu— V- (A(p)Vu) = f, dans Qx]0, T],
u(x,0) = u®(x), in O,
u=0,0ondQ, te|0,T],

= (t,p) € G C Rt x RP : parameter
(1‘ X; p): unknowns
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FEM error estimates

Theorem [E G.-Y M.] (H! Error estimate )?

Pod-greedy?® or greedy-greedy algorithm for the BR construction

T T3

v, |u(t")(B) — U (D) sy < 6(N) + Ci(p)(h+ Me) + Ca(N) (H + AZ)
T2

C1, Cy: constants independent of h et H
up(p¥) = up(pX, ") € Vp, for n=1,..., Nr: Fine snapshots
ull(p) = uy(p,t") € Vy, for m=1,..., Mr: Coarse solution, H>> h.

Tv. Thomée, Galerkin finite element methods for parabolic problems, 1984.
2E, G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.
3B. Haasdonk, Convergence rates of the pod-greedy method, 2013.
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FEM error estimates

Theorem [E G.-Y M.] (H* Error estimate)?

T T3
n N,n ; 2 2
v, [6(t") (p) — Ui () sy < N) + G (p)(h+ Ate) + O/ An(H? + A)
|
T2

An: VW eEXN, [, V@n-Vv=A [Py v,
and C;, C: constants independent of h, H and N.

~ "
™ = iz < € H2 [Pl + [ letlleqen o]
‘fm

‘fm
+CA[([ Nug dslZao) 2+ ([ AUkl ds)/?].
; @) . @)

1 V. Thomée, Galerkin finite element methods for parabolic problems, 1984.
2E, G., Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.
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Decomposition

Projection coefficients

Coefficients a(11) = a(p, 1")
Optimal coefficients: (ux(p,t"), @ (x)),n=1,...,Nr
Our choice: (In(up(p,t™)), ®P(X))2, M=1,...,Mr
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Sensitivity analysis

NIRB methods
applied to sensitivity analysis
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Sensitivity analysis

PIVP atu(t,x;p):f(u,t,x,p),ian]O, T],
u(0,x;p) = tO(x,p), in Q,
+ BCs.

Forward method

Sj=opu, j=1,..., P IVP + P systems to solve ...

Backward method

lve ...
(35, F)j=1 IVP + 1 system to solve
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FEM Error estimates

Theorem [E G.-B. S.] (H! error estimate)’

T T3
v, [15(87)(6) — S (0) 41 ey < e(N) + C1(p) (h+ Ae) + C(p)v/An(H + AR)
\_\/—/

T2

An: VW eEXN, [ V@, Vv=A [Py v,
and C;, C: Constants independent of h, H and N.
Pod-greedy or greedy-greedy algorithm for the RB construction®

up(pF) = up(p,t7) € Vp, for n=1,..., Nr: Fine snapshots
ufl(p) = up(p, ™) € Vi, for m=1,...,My: Coarse solution, H > h.

Ym ,‘,m
e /
1S — SE™) e < CHE (Il + [ ISl ds +CG) [ [ lurlFe ds]?]

fm ,}m tm ?m
+ OO ([ ISmliz ds+ [ [ 1wl as]/*+ CGo [ [ el ds]/2+ [ 1Sz ds]).

TE.G.,Y. Maday, Error estimate of the non-intrusive reduced basis two-grid method with parabolic equations. 2023.
2g, Haasdonk, Convergence rates of the pod-greedy method. 2013.
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Rectification post-treatment
Foreachpl k=1,...,P,i=1,....N
Sp(p',t") = dp,u(p’,t")

Fine coefficients

a’(p'.t") = (S5(p.t").2f)

Coarse coefficients

b/ (0'.t") = (In(SK(0/. 1), 2)))
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Rectification post-treatment

aiu(t,x;p) = f(u,t,x,p), in OAx]0, T],
Pwp:{ u(0,xp)=u’(x,p), inQ,
+BCs.

PR TG IVP + P systems to solve ...

Backward method

IVP +1 m Ive ...
(8pj ]__)1:1 + 1 system to solv
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Rectification post-treatment

Foreachpl k=1,...,P,i=1,....N
SK(p/,t") = dp,u(p’, ")

Fine coefficients

al(p' ") = (Sy(P' . 1").2f)

Coarse coefficients

B (p',4%) = (In(ur (P 77), ®)))

Inputs-outputs for our model,

D={(B,A)},
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Rectification post-treatment

oru(t,x;p) = f(u,t,x,p), in OAx]0, T],
Pwp:{ u(0,xp)=u(x,p), inQ,
+BCs.

Forward method

Sj=ogu, j=1,..., P IVP system to solve ...

Backward method

IVP + 1 system to solve . ..
(Op,F)j=1,...P
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New NIRB algorithm

Two-grid algorithm with a non-deterministic approach : GPR model’
GP = Probability distribution over possible functions that fit a set of points.
GPR model = provides uncertainty estimations together with prediction values

15( -+ Observed data points
Estimated mean function

" o /Zoom
é/‘*"-‘-“‘-i‘-.—-w{’——\/";‘whﬁ"_/ e e 99

1
=

8.2 oo i1 o4 [
|

ag

Projection coefficients prediction on X"

1G., E. & Simeon, B. (2024). The non-intrusive reduced basis two-grid method applied to sensitivity analysis.
2 Guo, M., & Hesthaven, J. S. (2019). Data-driven reduced order modeling for time-dependent problems.
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GPR NIRB 2-grid method

oiu—V - (A(p)Vu) =f, inx]0, T], D={(B,A)},
u(x,0) = u°(x), in Q,
(%,0) = u"(x), in fRNXNT  RNXNT f(A) =By, k=1,...,N.
u=0,0ndQ, te[0,T],
FEM H] relative errors ., NIRB H; relative error with H = Vh
T_:-:C\L:— ;OC]—

Direct sensitivities : £°(0, ..., Nr; H}(Q)) relative errors
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Brusselator equations

oiu=a+uv?— (b+1)u+aAu
9;v = bu — uv? + aAv,
+ BCs.

(u(x,t;p), v(x,t;p)): Unknowns
p = (a b,«) € R3: Variable parameter
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Brusselator equations
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Brusselator solutions

Dot Product kernel !
k(%X )=1+x-x.

for (x,x') € RVNT 5 RVXNT £(x) ~ GP(0,k(x, X)),y = f(x),

Parameters a-b-a_[[ Fine error | Coarse error [ True projection S/ [ NIRB + rectification | NIRB+GPR |

3-2-0.01 6.4 x 1072 31x10°1T 6.4 x 102 6.4 x 102 6.8 x 102
3-3-0.01 6.2 x 1072 30x10°1T 6.2 x 1072 6.2 x 102 6.9 x 102
3-4-0.01 8.6 x 102 39x10° 1T 8.6 x 102 8.6 x 102 1.4 x 1071
4-2-0.0005 7.3x 1072 33x10°1 7.3x 1072 7.3x 1072 6.8 x 1072
4-3-0.0005 7.1x1072 33x10° T 7.1x1072 7.1x10°2 7.7 x 1072
4-4-0.0005 8.5 x 1072 3.8x 1071 8.5 x 1072 8.5 x 1072 9.2 x 1072

relative £°(0,..., N7; HL(Q)) errors (and £*(0, ..., Mr; H*(Q)) for the coarse ones) with leave-one-out
strategy N = 40 for the parameter b

N. C. Nguyen and J. Peraire. Gaussian functional regression for output prediction: Model assimilation and experimental
design. 2016.
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NIRB on the adjoint

Pve oiu(t,x;p) = f(u, t,x,p), in 0x]0, T],
u(0,x;p) = u°(x,p), in Q,
+ BCs.

Forward method

A = —A - 9dyf — dgerr, in QA x [0, T[,
P*{ MT)=0,inQ,
""" +BCs.
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NIRB on the adjoint

Pvp oiu(t,x;p) = f(u, t,x,p), in 0x]0, T],
u(0,x;p) = t°(x,p), in O,
+ BCs.

Forward method

Backward method 9p F = 9p,L = foT fo A dx dt
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Numerical results on the heat equation

Table: Adjoint formulation without noise: Maximum absolute £ (0, ..., Nr; H (Q0)) error over the parameters with N = 15

Atp-Atg NIRB rectified error fine error true projection error | coarse error
0.01-0.1 49x10°° 7.0x10°° 7.0x10°° 33x 1077
0.02-0.1414 9.1x10°° 8.1x10°° 8.1x10°° 7.0x 1077
0.05-0.22 12x10°% 1.0x10°% 1.0x10°% 1.3x1073
0.1-0.32 22x 1077 1.7 x10°% 1.7 x10°% 23x 1073

noisy measurements

Table: Adjoint formulation with noise: Maximum absolute 2(0,...,

Atp-Atg NIRB rectified error fine error true projection error | coarse error
0.01-0.1 6.7 x 10~* 6.6 x 10~4 6.7 x10°4 40x1073
0.02-0.1414 1.4x103 1.3x1073 1.3x 1073 6.0 x 1073
0.05-0.22 6.3x 1073 6.3x10°3 6.3x 1073 8.1x1073
0.1-0.32 32x1073 3.0x10°3 3.0x10°3 1.0x 102
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Numerical results on the Brusselator

Objective values with h = 0.02 ~ H?

Parameter fine values rectified NIRB N =5 | rectified NIRB N = 40
a —2.74x10°° —497x 1073 —5.70 x 10~°
b 1.17 x 10~° 1.66 x 102 1.66 x 10~*
o —6.73x 1074 —9.54 x 102 —3.8x1072
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Parameter identification results

NIRB with Gauss-Newton algorithm

Parameters identification

I —=— adjoint; &
- adjoint: b
—— adjoint: &
ae —— forward: a
— forward: b \
forward: a

Farameters flog cae)

Identificationofa=1,b=5and a =2
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Parameter identification results

Table: FEM runtimes (h:min:sec)

FEM high fidelity solver | FEM coarse solution
00:07:05 00:00:58

Table: NIRB runtimes (N = 40, h:min:sec)

Offline Online
Rectified NIRB | 01:25:00 | 00:04:02
NIRB-GP 01:32:00 | 00:03:57

Thttps://github.com/grosjean1/SensitivityAnalysisWithNIRBTwoGridMethod/
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Conclusions & Perspectives

Sensitivity analysis & NIRB with parabolic equations

Two-grid a-posteriori & rectification error estimates
Analysis with the GPR model
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Conclusions & Perspectives

Sensitivity analysis & NIRB with parabolic equations
Merci !

Two-grid a-posteriori & rectification error estimates
Analysis with the GPR model

Elise Grosjean NIRB & Sensitivity analysis



	CV
	Parameter identification
	Sensitivity analysis
	NIRB methods
	NIRB method with parabolic equations
	NIRB methods applied to sensitivity analysis


	anm1: 
	anm0: 
	pbs@ARFix@1: 
	pbs@ARFix@2: 
	pbs@ARFix@3: 
	pbs@ARFix@4: 
	pbs@ARFix@5: 
	pbs@ARFix@6: 
	pbs@ARFix@7: 
	pbs@ARFix@8: 
	pbs@ARFix@9: 
	pbs@ARFix@10: 
	pbs@ARFix@11: 
	pbs@ARFix@12: 
	pbs@ARFix@13: 
	pbs@ARFix@14: 
	pbs@ARFix@15: 
	pbs@ARFix@16: 
	pbs@ARFix@17: 
	pbs@ARFix@18: 
	pbs@ARFix@19: 
	pbs@ARFix@20: 
	pbs@ARFix@21: 
	pbs@ARFix@22: 
	pbs@ARFix@23: 
	pbs@ARFix@24: 
	pbs@ARFix@25: 
	pbs@ARFix@26: 
	pbs@ARFix@27: 
	pbs@ARFix@28: 
	pbs@ARFix@29: 
	pbs@ARFix@30: 
	pbs@ARFix@31: 
	pbs@ARFix@32: 
	pbs@ARFix@33: 
	pbs@ARFix@34: 
	pbs@ARFix@35: 
	pbs@ARFix@36: 
	pbs@ARFix@37: 
	pbs@ARFix@38: 
	pbs@ARFix@39: 
	pbs@ARFix@40: 
	pbs@ARFix@41: 
	pbs@ARFix@42: 
	pbs@ARFix@43: 
	pbs@ARFix@44: 
	pbs@ARFix@45: 
	pbs@ARFix@46: 
	pbs@ARFix@47: 
	pbs@ARFix@48: 
	pbs@ARFix@49: 
	pbs@ARFix@50: 
	pbs@ARFix@51: 
	pbs@ARFix@52: 
	pbs@ARFix@53: 
	pbs@ARFix@54: 
	pbs@ARFix@55: 
	pbs@ARFix@56: 
	pbs@ARFix@57: 
	pbs@ARFix@58: 
	pbs@ARFix@59: 
	pbs@ARFix@60: 
	pbs@ARFix@61: 
	pbs@ARFix@62: 
	pbs@ARFix@63: 


